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I ntroduction
Leaving out of consideration those nuclei of small atomic number it is possible to develop a statistical theory of nuclei. Bethe and Bacher (1936, p. 149) , as well as many other writers, have treated this subject in great detail starting from the Hartree approximation.
All these investigations were mainly concerned with the binding energy, and not much attention has been paid so far to the stability of nuclei accor ding to the statistical theory, except the determination of the most stable nucleus with a given atomic number: this is due to the fact th at previous investigators have always neglected to distinguish between quantum states with opposite spin, thereby losing the distinction between " odd" and " even" nuclei, which is essential for stability considerations.
In this paper the statistical theory is generalized by treating the two spin directions according to the method introduced by Fuchs (1940) . The four different types of nuclear forces are taken into account: for simplicity it is assumed that the non-saturation combination of Wigner and B artlett forces vanishes, i.e. the Bartlett force is double the Wigner force.
The types of interaction potential investigated up to the present have usually been the error function or the simple exponential function. The meson theory indicates a potential proportional to (a/r) exp (-r/a). For reasons indicated in the next section, I have taken a linear combination of the meson potential and the simple exponential function.
With this potential I have calculated the total energy ( § §3-7). The constants occurring have been determined from four experimental results for 16S*> and 80H g ( § 8).
The results are applied to the calculation of nuclear energies and radii. Satisfactory agreement with experiment is obtained ( §9).
Finally, the stability of nuclei is investigated. The results are satisfactory for odd nuclei: for even nuclei, on the other hand, the region of stability obtained is too small. This seems to indicate that the statistical model does B. Spain not emphasize sufficiently the difference between even and odd nuclei ( § §10-11).
The potentials corresponding to the various interaction forces are defined by (F. 2-7).* For the purpose of this paper it is necessary to make some assumption about the explicit form of the various J. There is no justification (except mathematical convenience) for use of either of the interaction potentials B exp ( -r 2/a2) or B exp ( -r/a) which are usually assumed in statistical model. There is evidence from the theory of the meson (Kemmer 1938) th a t the correct form of the interaction potential is B(a/r) exp ( -rja). I have attem pted to develop the statistical theory according to the H artree method with this form of the potential, but the result of fitting the model to the nucleus 80Hg200 gives a value of a much larger meson theory. W ith the potential B e x p ( -r/a) Bethe and Bacher (1936, p. 160) find th a t the corresponding value of is smaller than the meson value. I have, therefore, taken a potential which is a linear combination of the ordinary exponential and meson potential, i.e. and fixed a from the meson theory, leaving the absolute numerical constant k to be derived from the model. Yukawa (1935) has deduced the relation a = ft/M0c, where M0 is the mass of the meson. The most reliable data give M0= 170 m0,where ra0 is the mass of the electron. W ith this value I obtai a = 2-26 x 10-13 cm. It is of interest to note th at for values of r much smaller than a, the meson potential is the more im portant term.
Explicitly the assumptions are:
where m, h, b, w are unknown constants of energy dimension, de the strengths of the various forces.
I now introduce the usual assumption that each particle in the nucleus moves independently and its eigenfunction is that of a free particle, i.e. a plane wave. The total wave function W is taken to be the determinantal form (F. 3-3) , where now the various (f)r and represent plane waves. The calculation of the densities and mixed densities in this case is well known (Bethe and Bacher 1936, p. 153) . Since I distinguish between the two spin directions, I here introduce four maximum wave numbers:
where Na, N p , P a, Pp are the numbers of neutrons and protons with s respectively, and E is the radius of the nucleus.
Then the densities are given by* Pna'pa( 1, 2 ; 1, 2) = NaPJV2, etc.,
Pn«'na( 1, 2 ; 1, 2) = Na(Na-1)/F 2, etc., Pna,pat( 1, 2 ; 2, 1) = {sinpn ac o s p nar 12}
x {sin -p par12cos 1 1 N Pna,n*( 1, 2 ; 2 , 1) = ^^{ s i n p nar 12-p narl z c o s p nar12}2-^, where V = %nB3 is the volume of the nucleus.
I nteraction energ ies
(a) Majorana energy From (F. 5-4) the first term in the Majorana energy is " JVS/0B*,P*(1>2 ; 2 ,1 )dr1dr2
x isinPpar 1 2 -Ppar 12 cos drxdT2.
Now the integral over drxdr2 can be replaced by an integral over where drX 2 means integration over the relative co-ordinates, i.e. first integrate over the co-ordinates of particle 2 keeping particle 1 fixed. Since the value of the integrand drops rapidly to zero as r12 increases, the range of integration of the relative co-ordinate r12 can be extended to infinity. The integration over drx gives a factor equal to the volume of the nucleus. Integrating also over the angular co-ordinates and introducing the dimen sionless quantities From (F. 7-5) it is seen that the B artlett energy in addition also involves integrals over the ordinary densities. These lead to the following expressions: 
(d) energy
Similarly from (F. 8-2) the total Wigner energy is " 2 wRz 37r2 a3
Since the two different spin directions are distinguished, the total Coulomb energy is Q p2 Q Ec = + 27j <p« + p<>>-(4'1 (/) Kinetic energy Obtaining the average densities pna, etc. from (F. 4-3), and using the Fermi-Dirac expression for the kinetic energy (distinguishing between the two spin directions) the total kinetic energy is 3^27r*2J 1 Et = 20M W {N° + Nl + P" + Pt ]-<4' 13)
Surface effect
In calculating the integrals occurring in the interaction energies, we have extended the range of integration over the relative co-ordinate of the two interacting particles to infinity, neglecting in consequence the fact th at particles near the surface interact with a smaller number of particles than do particles in the interior of the nucleus. Also the boundary of the nucleus cannot be sharply defined, as this would mean an infinite derivative of all particle wave functions leading to an infinite kinetic energy. The surface layer of the nucleus, where the density of particles drops very rapidly, must be spread out over a small region. It is obvious that if this surface layer is increased, the kinetic energy decreases and the potential energy increases. Thus for some intermediate surface layer there exists a minimum of the energy. The amount by which the energy is increased by the existence of the surface layer can be called the surface energy.
Weizsacker (1937) attem pts to set up a quantitative method of estimating the surface energy. If the density p is not following expression for the kinetic energy:
Using this expression instead of (4T3) the correct form of p ought to be deduced from the minimum condition (SjjThe total energy}dr = 0. The parameter A introduced is then determined from a minimum condition, and thus the surface energy is obtained. I have attem pted to estimate the surface energy similarly with the density distribution (5-3) and also with several others. Expressing the kinetic and potential energies as power series in the parameter A and minimizing it gives A. Substituting to find the surface energy, I find th at the series representing the energy is not convergent. The reason probably is that the correct solution of the variational equation is not easily approxi mated to by simple analytical functions. Weizsacker avoided this difficulty by adopting a numerical method of solution, but this is impossible here with the large number of unknown constants.* I have, therefore, had recourse to the semi-empirical method, i.e. a term is added involving an unknown constant to account for the surface energy. It is known that the surface energy for large nuclei ought to be proportional to A8 , where A is the total number of particles. Also we know th at approxi mately R = Ai ,so that a suitable term for the surface energy is
where co is the unknown constant introduced. The semi-empirical term has the unsatisfactory features th at it introduces a new arbitrary constant and fails to give any indication of the influence of the surface effect on the portion of the energy due to the spin.
Total energy
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The energy (6-6) takes the simplest form if the numbers of neutrons and protons with the two different spin values are all equal, i.e. n* = n/!=Pa=P/?' (7*1)
All stable nuclei lie more or less in the neighbourhood of the line (7-1), and thus the energy is expanded near this line. To do this introduce 
vp = l(-s -t) -^(8-s -t)2, (11) $fta -^( -+ S -t) -8ftp --8-s + t)-j(~8-
Now proceed to insert (7*5) into the function introduced in (4-4). By Taylor's theorem for two variables it is easily seen, sine is sym metrical in x and y, that 
The expansion of the other terms in the energy (6-6) is simple; introduce (7-8) and (7T3) [ 3 a 3A3^ 2e2A3 | 5e3A3 (7) (8) (9) (10) (11) (12) (13) (14) (15) 4 r3 9 r 9 r 2 ' r3A3 i(r) -q {(2cm + 4c, -4cm ,) /1 + (2cto + 2c, + 4c, ) / 2} 2 e2A3 5e3A3 9 r 9 r 2 ' ■34-2
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Consider now the energy E0 which is the actual energy when (7-1) is satisfied. Disregarding the Coulomb energy, the surface energy and the term involving £, it can be expressed in the form where F is independent of A. I t follows immediately th a t the energy a t the equilibrium radius r is proportional to the number of particles. This is of course due to the saturation character of the nuclear forces. This rough approximation is well known and the slight variations can be attributed to the Coulomb energy and the surface effect. The term in £ depends explicitly on A, i.e. on the total number of particles, and on th a t account the law of the propor tionality of the energy to the total number of particles would be disturbed unless this term gives a small contribution. This means th a t is small. Therefore, I shall assume from now on th a t b -2 This means th a t all th e nuclear forces (except the Coulomb force) show saturation. Some support for this assumption is obtained from Volz (1937) . where only three of these four combinations are now independent, it then follows th at
E0(r) Ex (r)
. urw f ( x ) + + : The functions/i, / 2, / 3, / 4 are given in Appendix B.
D etermination of the constants
Dor the purpose of numerical calculation I introduce the following units: Length: the electron radius 2*8 x 10~13 cm. Energy: the mass unit.
All numerical values in this and the following sections are expressed in these units, unless otherwise stated. Numerical calculation gives and from (7-6) xr= 1-23.
There are now five unknown constants, (o, v and ws or w,. To determine these from the model itself, five experimental results are required.
For nuclei with na = nf} and obviously s -t -0, and in this case only the four constants k, a>, u and v are involved in the energy. It may seem desirable to select nuclei having, in addition, an equal number of neutrons and protons, as then the energy reduces to E0 which only involves the three constants k,o j and u. Thus these three constants could be d mined from only three experimental data. But the largest nucleus of this type is 20Ca40; in order to obtain three experimental data one more nucleus must be chosen. If this nucleus is too small, the statistical method cannot be expected to apply. If another nucleus is taken in the neighbourhood of 20Ca40, incidental irregularities, which are not expressed in the statistical model, will influence the results unduly. For these reasons one nucleus is chosen with equal numbers of neutrons and protons and another large nucleus. The nuclei selected are 16S32 and 80Hg200, and the following data are used:
(1) The atomic weight of 16S32 is 31-9823.
(2) The atomic weight of 80Hg200 is 200-016. (3) The nuclear radius of 80Hg200 is 9 x 10-13 cm.
(4) The most stable nucleus of atomic number 200 is 80Hg200. Data (1) and (2) are due to Aston. Datum (3) is to some extent speculative. Bethe and Bacher (1936, p. 158 ) assume this radius to be 8 x 10~13 cm. Their justification is that the nucleus has an atomic weight just below th at of the radioactive nuclei and it, therefore, seems reasonable to assume a radius slightly smaller than those of the radioactive nuclei. Bethe (1937, p. 166) has redetermined the radioactive nuclear radii according to the many-body theory of a-decay, and he finds values which average about 3-5 x 10-13 cm. larger than the former values. Allowing about 2-5 x 10~13 cm.
for the radius of the helium particle em itted in the course of the a-decay, I take the radius to be 9 x 10~13 cm. D atum (4) is justified because there is only the one nucleus (80Hg200) with the atomic weight 200.
In addition, to calculate the nuclear energies, I take the corrected values of Livingston qnd Bethe (1937, p. 373) for the atomic weights of hydrogen and neutron, 1-00813 and 1-00897 respectively.
Since -s = t -0 for 16S32 and 80Hg200, it follows from (7-14) th a t
E = E0(r) 4-Ex(r) 8 + E2(r) S2. (8-4)
The radius r is determined from the equilibrium condition
The stability condition is Thus the forces are at least about 20 % too large, in full agreement with the remarks of Bethe and Bacher (1936, p. 158) .
In order to determine the constants completely, the numerical value of ivs or wt is still required. From (7T7) it can be seen that they only occur in the spin terms. For medium and large nuclei, s and t are small in com parison with 8, and numerical calculation shows that the spin contribution is negligible. It is therefore not possible to determine the last constant from energy considerations.
As ch has only a small influence on the spin terms of the energy, the calculations carried out later on stability considerations are not materially altered by a reasonable choice of ch. Assuming that the ratio cmjch is the same for the model and the deuteron, it follows that m = 1-29 x 10"2, = 0-21 x 10~2. (8-11)
N uclear energ ies and r a d ii
For convenience of numerical computation I adopt the following method of procedure: first, develop the radius r in the form r -■ r0+ rx 8 + r28* + 2 + + rslst.
The radius is determined from the equilibrium condition
E'(r) = E'0(r) + E'1(r )8 + E , 2(r)82+E's(r)s2 + E't(r)tz +E'sl(r)st = 0. (9-2)
Substitute the expression (9-1) for r in (9-2), then on expansion by Taylor's theorem
This condition is to be true for all values of s and t, thus 
M r 0)»r-E 't(r0) , E 'M E X rJ
Now the procedure is to solve the equation = 0 for a given nucleus, obtaining a value r0 and by substitution in (9*5) and (9-6) determine the energy and radius respectively of the nucleus. In the actual calculations the spin terms have been completely neglected. This is justified because s and t are small in comparison with 8. Figure 1 gives both r and R plotted against A. It is s rapidly as A increases, there being a minimum at about A = 130. Then, as A increases further, there is a gradual increase of r. This is due to the opposing effects of the Coulomb energy and the surface effect. We also see th at the actual nuclear radius R shows a steady increase with A. 
I sotopic numbers
For the purpose of this section it will be more convenient to introduce A, 8 and T, where A=AS, 8 = A s, T = A From (6-2), (7-2) and (10-1) we have
The composition of a nucleus is determined if the total number of particles A and the isotopic number A is given. S and T define different quantum states of the nucleus, \S giving the total spin, whilst T has no such immediate physical interpretation. The energy of the nucleus determined by A, A, 8 and T will be denoted by E S, T).
(a) Stability conditions
Disregarding a-disintegration, a nucleus may disintegrate (1) because the nucleus emits an electron, (2) because the nucleus captures an electron (or emits a positron).
When A is the isotopic number for the original nucleus, then after disintegration the isotopic numbers become 2 or + 2 according to case (1) or (2) respectively.
Denoting the rest mass of the electron by // , the conditions of stability are
(Cf. equation (9) of Fuchs 1939. The difference is due to E denoting binding energies there, whereas here it denotes the actual energy.) (6) Nuclear spin
For a given nucleus 8 and T are not yet determined. The lowest state is here involved; consequently 8 and T must be chosen in such a way th at the energy due to the spin terms is a minimum. From (9-5) and (10-1) this energy is + T*E,(r0 + Numerical calculation shows that Es > Et on account o £ and that Esl arising only from the Coulomb exchange energy is small. Since Na, Np, Pa, Pp are integers, (10-2) restrict the possible values of S and T to integers.
The four possible types of nuclei must be distinguished:
(1) The total numbers of both neutrons and protons are even. It is easy to see that both S and T must be even with the restriction = 4m, where m is an integer or zero. Thus the minimum of the spin terms (10-4) of the energy is obviously given by
(2) The total numbers of both neutrons and protons are odd. It is easy to see that both S and T must be even with the restriction S + T = + 2. Thus the minimum is given by (since Es > Et)
(3) The total number of neutrons is even and of protons is odd. I t is easy to see that both S and Tm ust be odd with the restriction Thus the minimum is given by S = -T=± 1.
(10-7 (4) The total number of neutrons is odd and of protons is even. It is easy to see that both S and T must be odd with the restriction km + 2. Thus the minimum is given by S=T=± 1.
(1 Thus the statistical model gives all nuclei with an even number of particles zero spin in complete agreement with experiment. The only exceptions arc of type (2), but they are so low in the atomic scale that we cannot expect the statistical model to apply to them. The exceptions are 1H 2, 3Li6, 7N14, all with unit spin. The statistical model gives all nuclei with an odd number of particles the spin Thus the model fails to account for the fact th at besides the spin odd nuclei can have spins up to f .
(c) Stability breadths
For nuclei of type (1) (S = T = 0), the neighbouring nucleus in (10*3), is of type (2) Corresponding to any even value of the atomic number A, there is therefore a maximum and a minimum value of the isotopic number, within which limits the nucleus is stable. I shall denote these by m ax d and mind, and call the difference max A -m ind the for nuclei of type (1) the stability breadth is I t follows in a similar way th a t for nuclei of type (2) the stability breadth is 2 { l -E t(r0)/E,(r0 )}.
(10
For nuclei of type (3) (S=-T=± 1) the neighbouring nucleus has S=T-± 1, and it then easily follows th at for nuclei of type (3) the stability breadth is 2(1+ W t e } .
(10*12)
For nuclei of type (4) the stability breadth is 2{1 -Esl(r0)/E2(r0) } .
(10-13) Numerical calculation shows th at Esl/E2 is about 10-2, and thus this ratio can be neglected. Also EtjE2 is approximately unity.
From (10-10) it is seen th a t the stability breadth for nuclei of type (1) is approximately four, thus allowing in general one or two stable isobars.
From (10*11) the stability breadth for nuclei of type (2) is approximately zero; thus there are no stable nuclei of this type. A part from the few exceptions for small nuclei, which hence do not come within the scope of a statistical model, this is in agreement with experiment. This result is well known and can be explained simply without the model. From (10*12) and (10*13) the stability breadths for nuclei of types (3) and (4) are practically two, allowing thus only one stable nucleus in general for a given value of A. Since the stability breadths are almost equal, would expect th a t there are about equal numbers of both types (3) and (4). This is verified by the experimental data. The graph in figure 3 gives both max and min A against A for the cases of nuclei with even and odd numbers of particles respectively. In addition, all the known stable nuclei (Gregoire 1938) have been indicated by crosses.
The values of the constants occurring in the model were chosen in such a way that the stability condition for 80Hg200 was satisfied. One would therefore expect that the mid-point of max 4 and m ind should be 40 for A = 200. Actually the mid-point is about 1| units higher. This is almost entirely due to the fact th at in calculating the numerical constants the rest mass of the electron in the stability condition has been neglected (this accounts for a discrepancy of 1-2 units). A small error is also introduced by using the expansion (9-5) in terms of r0, instead of introducing the correct radius r, as done in the calculation of the numerical constants.
From the experimental results for even nuclei, the region of stability should be somewhat greater, as only a little over half of the stable nuclei of even atomic number lie in the region between the two curves. For odd nuclei, the greatest number of stable nuclei do lie in the region between the two curves.
As expected, the statistical model does not give the dips in the experi mental curves which can be visualized by looking at figure 3.
The ^-curves
For some purposes it is more convenient to consider the ^-curves intro duced by Fuchs (1939) . As in th a t paper we shall introduce the symbol (m, n , p) to represent the nucleus, where m is the total number of a-particles which can be formed from the nucleus, n is the number of surplus neutrons and p is the number of surplus protons. (Clearly can only have the value 0 or 1.) Thus the isotopic number has the value norn-1 according as p has the value 0 or 1.
Fuchs defines numbers %, where i= l,2, 3, 4 corresponding to a given value of m as follows: n1 and n3 are the solutions of the equation E(m,n -1, 1) = E(m+ 4 ,0)+/q (11-1) when ni s even or odd respectively. n2 and ni are the solutions of the equation E ( m , ' n ,0) = E(m, n -1 when n is odd or even respectively. The various ni then determine the scheme of stable nuclei to be found in Fuchs (1939) .
To find nx note that ( m , n-1, 1) is a nucleus of type (2) h T = ± 2, whereas (w+l,w-4, 0) is of type (1) having S = T = 0; hence, by using the expansion of the energy, (11T) yields on reduction n3 -n2 measures the isotopic breadth for odd nuclei, and numerical calculation shows a steady increase from 2 to 2\ as m increases. Experi mentally the number of stable isotopes is always 1 or 2, thus n.A -n2 must lie between 2 and 4. Thus there is a fair agreement here with experiment.
nx -nx measures the region in which stable isobars can exist, and numerical calculation shows a decrease from 0-2 to -0T passing through the value zero for m about 30. Experimentally this value should fluctuate between 3 and 7. Thus there is here no agreement with experiment.
Conclusion
The results obtained from the model give good agreement with experiment for the binding energies as can be seen from figure 3.
The stability results for odd nuclei are satisfactory, except that the model only gives stable nuclei the spin On the other hand, for even nuclei the spin is correctly given as zero, but the region of stability is too small as can be seen from figure 4 (or from nx -nx 0 which amounts to the I t is possible th a t other interaction potentials than (2-1) would give better agreement as far as the stability considerations are concerned, bu t it seems more probable th a t the disagreement is due to the statistical model not being powerful enough to emphasize sufficiently the difference between odd and even particles.
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